PROPOSITION 3.57 (Lebesgue Convering Lemma).
Let (X, d) be a compact metric space and let O = {U. }e} be an open cover of X.

Then O admits a Lebesgue number.

ProoFr oF PROPOSITION. Since X is compact, we may reduce to some finite subcover Ofip.
Letx € X. Thenx € U° = U for some U € Oy, Since OU is compact (closed subset of U bounded by X),

Jin, d(x,p)

is well-defined (by compactness) and positive (since x € U°). Note, however, that there could be multiple
U; € O, containing X, so

max min d(x
U;Sx peall P)

is also well-defined (since the max is over a finite set) and positive (max of positive set). But X is compact, so

M = min max min d(x,p)
xeXUidx peold

is also well-defined (by compactness of X) and positive (min of positive set). Let 6 = m/2.

Now suppose z € Z C X wherediam Z = inf, ,/cz d(z,2z') < §. Thenforz’ € Z,

1
d(z,z') < diam Z < § = = min max min d(x,p)
xeX Uidx peold

IA

N = o =

max min d(z
U;szpeolu (,P)

min d(z
o (z,p)

for some Umax € Ofin. Since everything defined in sight has been continuous, Umax doesn’t jump around (though
it may be nonunique). The above inequality asserts that any point z" away from z doesn’t venture outside the
boundary of some Upmax. Hence Z € Upmay, which completes the proof. [ |
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