Forms of Completeness

. Archimedean Property: Let «, 3 € R. Then 3N € N such that « < Nf.
. Cauchy Completeness: Let (x;); C R. If (x;); is Cauchy, then x; — X, for some x., € R.

. inf/sup Completeness: Let S C R be nonempty.

If S is bounded above, then sup S exists. If S is bounded below, then infS exists.

. Interval Refinement Property: Let ([x; — €, x; + €i]); be a sequence of closed intervals such that

[xo —€0yX0 + €0] D [x1 —€1,x1 +€1] DX —€2,%x2+€2] D -
with e; — 0. Then the intersection (), [x; — €3, Xi + €3] is nonempty.

Monotone Convergence Theorem: Let (x;); C R. If (x;); is either strictly increasing and bounded
above or strictly decreasing and bounded below, then x; — x, for some x., € R.

Bolzano-Weierstrass Theorem: Let (x;); C R. If (xq); is bounded, then 3(xs(1))i C (xi); such that
Xo(i) — Xoo fOr some xo, € R.

. Intermediate Value Theorem: Let a,b € R with a < b and let f : [a,b] — R be continuous. If

f(a) < 0 < f(b), then f(c) = 0 for some ¢ € (a,b).

THEOREM 1. Suppose 0 holds. Then 1 through 6 are logically equivalent.

Proof. We'llldo1 <2<3<1landthen2<4<5<6<2.

1 <2 Suppose S C R is nonempty and bounded above. Let sy € S and let M, be an upper bound of S.

Construct (si); and (M;); as follows: if % is an upper bound of S, set (si+1, Mit1) = (s4, %)
Otherwise there is some x € S such that x > #, and in this case we set (siy+1, Mi+1) = (x, My).
The sequence (sg, Mg, s1, M1, 82, M2,...) is Cauchy, since |s; 1 — Mi;1] < %Isi — M;|. Let « be the
limit of this sequence. Then M; — « and s; — «. So « is an upper bound of S, for if there were some
o’ such that « < o’ < M; for all i € N, then o’ — & would be an € such that |« — M;| > e for all 1 € N,
which cannot happen since M; — «. Furthermore, since s; — «, for every e > 0 there is some i € N
such that o — s; < €, which is precisely the supremum condition.

Suppose we have a sequence of nested closed intervals ([x; — €i,xi + €i]); with r; — 0. The set
S = (xi — €1); is nonempty and bounded above by x; + €; for all i € N, and thus has a supremum. Let
o = sup S. Then since « is an upper bound of S, x; — €; < « for all i € N. But since « is the least upper
bound, any upper bound will be at least «, in particular o« < x; + €; for all i € N. Combining these two
facts, we see that « € [x; — €i,x; + €¢] for all i € N, i.e. the intersection [, [xi — €, x; + €] contains &
and is thus nonempty.



3<1

Suppose (xi); C Ris Cauchy. Let a; = min{x; : i < j}, by = max{x; : i < j}. Then for every e > 0 there
is some N € N such that for all i > N we have b; — a; < e. In particular for every i € N there is some
o(i) € N such that by(;) — ag(1) < 27" We then have

[ac(0)y bo(0y] D [ag(1), bo(1)] D lag(2), bo2)] D -+

with b (i) — ag(i) — 0, so the intersection (;[as(i), bs(i)] is nonempty. Pick xoo € (;[Ag(i), bo(i)l- Now,
Ag(i) < Xoo < bg(y) foralli € N, so

0 < Xoo — ag(i) < bG(i) — Qg (i) and Ag(i) — bg(i) < Xoo — bc(i) <0

for all i € N. By the squeeze theorem, we have both a; — x. and b;y — x.. At least one of
{(ag(i))i, (bg(i))} attains infinitely many distinct values, let’s say (ag(;)) does this. Construct the
sequence (ci); to be (ag(i))i without repeats. This is a subsequence of both (ag;)); and (x{)i. But
Qg(i) — Xoos SO Ci — X0, hENCE X§ — X0

Let (xi); C R be strictly increasing and bounded above. Then « = sup; x; exists. Let € > 0. Then there
is some x; such that & < x; 4+ € for all j > 1, hence |x — x;| < € for all j > i, showing x; — «.

Suppose (x;); C R is bounded. Take the subsequence (x4(i))i = (mini<j x;)i. This sequence is strictly
decreasing and bounded below, so it converges to some X.

Let f: [a, b] — R be continuous. Take the sequence (x;); that goes

a+b 3a+b a+3b 7a+Db 5a+3b
2 ) 4 ) 4 Y 8 ) 8 )

a, b)

this sequence is dense in [a,b]. Since continuous functions map dense subsets to dense subsets,
f«([a, b])N[f(a), f(b)] forms a dense subset of [f(a), f(b)]. Construct the infinite array of subsequences by
stipulating that row n of the array consists of the subsequence of (x;); for which f(x;) € [f(a)/n, f(b)/n]
for all terms in the n — 1th row (take row O to be (x;);). By density, the rows of this infinite array
are nonempty, in fact each row has infinitely many entries. Since the terms of the infinite array are
bounded, it follows that the leftmost column of the array is bounded. Thus the leftmost column has a
convergent subsequence. By sequential continuity of f, the image of this convergent subsequence is
itself a convergent sequence. Due to how the infinite array of subsequences was constructed, though,
the image of the limit of the convergent subsequence has no choice but to be 0. So the limit of the
leftmost column sequence is a ¢ such that f(¢) = 0.

Let S C R be nonempty and bounded above and suppose that sup S does not exist. Let T be the set
of all upper bounds of S, and define f : R — R to take the values —1 on R\ T and 1 on T. Then f is
continuous, but for all x € R, we have f # 0, thereby falsifying the intermediate value theorem. So by
contraposition, sup S must exist.
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