Coordinates in 3-space

Abstract

We derive the classical vector calculus identities using the language of differential forms, with which we
assume some familiarity. The notation convention is slightly idiosyncratic:

= xandy are as they are in two dimensions,
« risthe xy-radius whereas p is the xyz-radius,
= ¢ is the vertical angle whereas 6 is the horizontal angle.

The boxed equations in this writeup include the gradient, divergence, curl, and laplacian in cartesian,
cylindrical, and spherical coordinates.

1 Coordinates of a Vector

Let v € R3. We'll denote basis vectors by e, where 1 € {x,y, z}.

Here, atany(a, b) is essentially arctan( ), but adjusted to avoid undesirable divide-by-zero errors.

1.1 Cartesian

Thus we have for the vector v: first in cartesian, then from cylindrical, then from spherical.’

vV =vVyex +Vvyey +Vvze;
= (vrcosve)ex + (vrsinveg)ey +v.e,

= (vp sinvg cosvg)ex + (vp sinvg, sinvg)ey + (vp cosvg)e,

1.2 Cylindrical

Now we have v first in cylindrical, then from spherical, then from cartesian.

V =V.e; +Vgeg +V,e,

= (vpsinvg)er +vgeg + (vpcosvy)e,
= (1 /vZ +v§ ) er + (atana(vy,vx))eg +v.e;

1.3 Spherical

Now we have v first in spherical, then from cartesian, then from cylindrical.

vV =V,€, +Vogeg +Vpeyp

v
= (, [vZ +v§ —&-v%) ep + (atana(vy,vx)) eg + | arccos ﬁ e
,/vx+vy + vz
= (\/v2 +v2> e, +Vvoep + (arccos ( V2 )) e
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IThroughout, we’ll state the cartesian case as a means of framing what these objects look like in coordinates “by default.”



2 Vector Differentials in Tensor Notation

Here is where all the geometric intuition is hiding: these formulas describe the diagrams often found in
derivations of these vector calculus identities. A fun exercise is to try recovering the diagrams.

2.1 Cartesian

The displacement differential is a straightforward sum of the basis forms tensored with their respective
vectors. The surface area differential is a little trickier, but you can think of summing the areas of the xy,
yz, and zx 2-forms and then tensoring with the basis vectors. The volume differential is the x displacement
times the y displacement times the z displacement.

Ad=dx®@ex+dy®ey+dz®e,
dS=dyNdz®ec+dzNdx®ey +dxNdy®e,
dV=dxNdyAdz®1=dxANdy/Ndz

2.2 Cylindrical

The novelty is that the coefficent of dO ®eq is no longer just 1, but rather r. Thus, in every 2-form containing
doe, the coefficent is also r, which is why the surface area form is like so. Similarly, the volume form has
only one instance of d6, so the coefficient is just r.

Ad=dr®e,+1d0Reg+dzR®e,

dS=rdoNdz®e, +dzAdrReg+rdrAdORe,
dV=drA(rd0)Ndz®1=rdrAddNdz

2.3 Spherical

Now things get more involved. The displacement has coefficient r in the d0 ® eg term, and pinthe dp ® e,
term. This affects the surface area form, which has 2-form coefficents that are the product of the 1-form
coefficients. Similarly, the volume form has coefficient p? sin ¢.

A =dp®ey,+psindpdd ®eg + pdd ®eqy

dS =p?sinpdd A dd @ e, + pdd Adp @ ep + psind dp A do ® ey
AV =p?sinpdp ANdOAdP ® 1 =p?sinp dp A dO A dd



3 Gradient of a Scalar Field

Let f = f(x,y,z) = f(1,0,z) = f(p, 0, d) be a scalar field. In general, Vf = (df).

The sharp symbol is a musical isomorphism, it turns basis 1-forms into basis vectors.
Itis closely related to the displacement differential in this context.

Basically, we compute the gradient by computing the sharp map of the exterior derivative of f.

3.1 Cartesian

The sharp (-)! maps di +— e, in Cartesian coordinates:

Vit = (0xf)ex + (0yf)ey + (0.f)e.

3.2 Cylindrical

In cylindrical coordinates, we have (dr)! = e,, (rd8)# = eq, (dz)? = e,, which implies:

V= (0,f)er + (17 '0gT)eg + (0,1)e,

3.3 Spherical

In spherical coordinates, we have (dp)* = e,, (psin $pd0)* = eq, (pdd)* = ey, which implies:

V= (0,f)e, + ((psin 0) '0of)eg + (p~! 0¢feg




4 Divergence of a Vector Field
Let F = Fx(x,y,z)ex + Fy(x, Y, z)ey + F2(x,Y,z)e, be a vector field. In general, V - F = xd x (F*).
In order to compute the Hodge star, it is necessary to know the scaling factor of the volume form dV.

Let’s call this scaling factor .

4.1 Cartesian

Here u=1,i.e. dV = dx A dy A dz. The flat (-)> maps e, — dtin Cartesian coordinates:

P =Fedx+Fydy+F.dz
*F" =Fydy Adz+FydzAdx+F, dx A dy
dx P = (3Fx + dyFy + 3,F.) dx A dy A dz

Thus,

]v-anXFX+ayFy+aZFZ

4.2 Cylindrical
Here u =r,i.e. dV =r(dr A d6 A dz). In cylindrical coordinates, we have:
P> =F,dr+1Fod0 +F, dz

*(F") = (rF,)d0 A dz + Fg dz A dr + (vF.)dr A d©
d* (F) = (3, (rF,) + d¢Fe + 13.F,)dr A d0 A dz

V-F=1""(3,(rF,) + doFe) + 3.F.

4.3 Spherical
Here u = p?sind, i.e. dV = p?sin d(dp A dO A d¢). In spherical coordinates, we have:
F* =F, dp + psin ¢pFe d6 + pFy dd
*(F") = (p?sin ¢F,) dO A ddp + (pFo) ddp A dp + (psin pFy) dp A dO
d* (F) = (sin 3, (p*Fp) + pdeFo + pdg (sin dF¢)) dp A dO A dd

V -F=p20(p*F,) + (psind) ' (dgFe + 9 (sin dpFy))




5 Curl of a Vector Field

Let F be as before. In general, V x F = (xdP°)".

5.1 Cartesian

We compute:

P =Fydx+Fydy+F.dz
AP’ = (dyF, — 3,F,) dy Adz + (3,F, — 0xF.) dz A dx + (3,Fy — 0yFx) dx A dy
*dF” = (3yF, — 0,Fy) dx + (3,Fx — 0xF.) dy + (0xFy — dyFx) dz

Thus,

V x F=(0yF, —0.Fy)ex + (0.Fx — 0xF.)ey + (0xFy — 0yFyJe

5.2 Cylindrical
Recall p =r.

We compute:

P> =F,dr+1Fodo +F, dz
dF’ = (0gF, — 10,Fg) dO A dz + (3,F, — 8,F,) dzA dr + (9,(rFg) — dgF,) dr A dO
*dF’ = (r710gF, — 3,F) dr + 1 (8,F, — 9,F.) d0 + 17" (3,(rFo) — deF) dz

Thus,

VxF= (T_1 aGFz - azFe) er + (azFr - aer) ep + T_1 (ar(ﬂ:e) - aeFr) €z

5.3 Spherical
Recall p = p? sin ¢.

We compute:
FPP=F dp+psin¢F9de+pF¢d¢
ar’ (psmd)) (¢ (sin dFg) — 0eFg) (psin ddO) A (p d)
1 (p(pFg) — 3 Fp) (pdd) Adp
(psmd)) ‘(aer—smq>ap(pFe))dp/\(psinq>de)
*dF” = (psin )" (34 (sin pFg) — doFy) dp
( (pF¢)—a¢Fp)sind>d6
+ (psind) " (3eF, — sin $d, (pFo)) (p dd)
Thus,

V xF=(psind) " (dp(sin pFo) —doFg) o +p ' (dp(pFg) —pFp)eo+p ' ((sind) '9oF, — dp(pFo)) €




6 Laplacian of a Scalar Field

Let f be as before. In general, V2f = xd * df.

6.1 Cartesian

We compute:
df = 0xfdx+dyfdy +0.fdz
*xdf = 0xfdy Adz+0,fdz/Adx+ 0, fdx A dy
d* df = (0xxf 4 0yyf + 0..f) dx Ady A dz
Thus,

V2 = e + Oyyf + 0af

6.2 Cylindrical

We compute:
df = 0,fdr + v "9ef (rdo) +9.fdz
*xdf =9,f(rd0) Adz+1r19gfdz /A dr+ 0,fdr A (rdo)
dxdf = (1719, (10, f) + 1 2dpof + d,.f) dr A (rd0) A dz
Thus,

V2 =110, (10, F) + v 2000  + 0,,F

6.3 Spherical

We compute:

df =9,fdp + (psind) 'def (psind dB) + p~ 'y f (p dp)
«df = 0, f(psind d) A (pdd) + (psin ) ' dof(pdd) Adp +p 194 F(dp A (psind d6))

dxdf = (p*Zap(pZapf) + (psin )2 dgof + (p2sind) " a¢(sinq>a¢f)) dp A (psind do) A (p d)

Thus,

V2 = p720,(p?0,f) + (psind) 2dgof + (p? sin d) ' d¢ (sin G f)




